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Introduction

In this thesis we will study the Dold-Kan correspondence, a celebrated result which
belongs to the field of homological algebra or simplicial homotopy theory. Abstractly,
one version of the theorem states that there is an equivalence of categories

K : Ch(Ab) ~sAb : N,

where Ch(Ab) is the category of chain complexes and sAb is the category of simplicial
abelian groups. This theorem was discovered by A. Dold and D. Kan [Kan58|
independently in 1957. Objects of either of these categories have important invariants.
A more refined statement of this equivalence tells us that there is a natural isomorphism
between homology groups of chain complexes and homotopy groups of simplicial abelian
groups. A bit more precise:

n(A) =2 H,(N(A)) for all n € N.

In the first section some definitions from category theory are recalled, which are es-
pecially important in Sections [3] and @] In Section [2] we will discuss the category of
chain complexes and in the end of this section a motivation from algebraic topology will
be given for these objects. Section [3] then continues with the other category involved,
the category of simplicial abelian groups. This section starts with a slightly more gen-
eral notion and it will be illustrated to have a geometrical meaning. In Section [4] the
correspondence will be defined and proven. In the last section (Section [5)) the refined
statement will be proven and in the end some more general notes about topology and
homotopy will be given, justifying once more the beauty of this correspondence.



1. Category Theory

Before we will introduce the two categories Ch(Ab) and sAb, let us begin by recalling
some basic category theory. The reader who is already familiar with these concepts, is in-
vited to skip this section. We will recall the notions of categories, functors, isomorphisms,
natural transformations, equivalences, adjunctions and the Yoneda lemma.

We will briefly define categories and functors to fix the notation. We will not provide
many examples or intuition in these concepts. For a more elaborated exposition one
should have a read in [Awo10] or [ML98]. The more complicated definitions will be
discussed in a bit more detail.

1.1. Categories.

DEFINITION 1.1. A category C consists of a collection of objects, a set of maps Homg (A, B)
for each two objects A, B € C and a binary operator composition

—o—:Homc¢(B,C) x Homc¢(A4, B)
such that
e composition is associative, i.e. ho(go f) = (hog)o f and
o there exists an neutral element id4 € Homc(A, A) for all A in C, i.e.
idpof=f=foidy.

Instead of writing f € Homg(A, B) we write f : A — B, as many categories have
functions as maps. For brevity we sometimes write gf instead of g o f. We will need
the category Set of sets with functions, the category Ab of abelian groups with group
homomorphisms and the category Top of topological spaces and continuous maps.

DEFINITION 1.2. A functor F from a category C to a category D consists of a function
Fpy from the objects of C to the objects of D and a function Fj from maps in C to maps
in D, such that

e for f: A— B, we have F|(f): Fy(A) — Fy(B),
[ Fl(idA) = ing(A) and
* Fi(go f) = Fi(g) o Fa(f).

We normally do not write the index of Fjy or F}, instead we write F' for both functions.

For a category C we denote the opposite category by C°P. The opposite category consists
of the same objects, but the maps and composition are reversed. A contravariant functor
F from C to D is a functor F': C? — D.

Note that the composition of two functors is again a functor, and that we always have
an identity functor, sending each object to itself and each map to itself. This gives rise
to a category Cat of small categories. Note that we need some kind of smallness to
avoid set-theoretical issues. However we will not be interested in these set-theoretical
issues, and hence skip the definition of small.
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1.2. Isomorphisms. Given a category C and two objects A, B € C we would like
to know when those objects are regarded as the same, according to the category. This
will be the case when there is an isomorphism between the two.

DEFINITION 1.3. A map f: A — B in a category C is an isomorphism if there is a map
g : B — A such that
fog=1idp and go f=idy.

Isomorphisms in Ab are exactly the isomorphisms which we know, i.e. the group ho-
momorphisms which are both injective and surjective. For example the cyclic group Z4
and the Klein four-group Vj are not isomorphic in Ab, but if we regard only the sets Z4
and Vj, then they are (because there is a bijection). So it is good to note that whether
two objects are isomorphic really depends on the category we are working in.

Note that an isomorphism between two categories is now also defined. Two categories
C and D are isomorphic if there are functors F' and G such that FG = idp and
GF =idc.

1.3. Natural transformations.

DEFINITION 1.4. Given two functors F,G : C — D, a natural transformation ¢ from F
to G, is a family of maps ¢. : F(c) — G(c) for ¢ € C, such that

e

commutes for any map f : ¢ — ¢’ and any objects ¢,¢’ € C.

For any two categories C and D we can form a category with functors F : C — D
as objects and natural transformations as maps. This category is called the functor
category and is denoted by DC.

This now also gives a notion of isomorphisms between functors. It can be easily seen that
an isomorphism between two functors is a natural transformation which is an isomor-
phism pointwise. Such a natural transformation is called a natural isomorphism.

For any category C we can define the Hom-functor. It assigns to two objects in C the
set of maps between them, i.e.

Homc(—,—) : C? x C — Set.

We will show that it indeed defines a functor in the first argument, a similar proof works
for the second argument. Let f : A" — A be a map in C and g € Homc(A, B), then
go f € Homcg(A’, B). Hence the assignment g — g o f is a map from Homc (A, B) to
Homc(A’, B). Note that the direction of the map if reversed. Using associativity and
identity it is easily checked that this assignment is functorial.
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1.4. Equivalence. Recall that an isomorphism between categories C and D con-
sists of two functors F': C — D and G : D — C such that

FG = idD and idc =GF.

With the notion of isomorphisms between functors we can generalize this, and only
require a natural isomorphism instead of equality.

DEFINITION 1.5. An equivalence between two categories C and D consists of two functors
F:C — D and G: D — C such that there are natural isomorphisms:

FG= idD and idC =~ GF.
This is denoted by C ~ D.
ExXAMPLE 1.6. The category Setgy, of finite sets is equivalent to the category Ordgy, of
finite ordinals (with all functions). The former is uncountable and the latter is countable,

hence they clearly cannot be isomorphic. However, from a categorical point of view these
categories are very alike, which is precisely expressed by the equivalence.

1.5. Adjunctions.

DEFINITION 1.7. An adjunction between two categories C and D consists of two functors
F:C—Dand G:D — C together with a natural bijection
Homp (FX,Y) = Homc(X,GY),

for any X € C and Y € D. The functor F' is called the left adjoint and G the right
adjoint.

There are different equivalent descriptions of adjunctions. A particular nice one will be
recalled. For a proof of equivalence to the above definition we refer to books on category
theory such as the one of Mac Lane [ML98| or Awodey [Awo10].
LEMMA 1.8. Given functors F: C — D, G : D — C then F is a left adjoint and G a
right adjoint if and only if there exists a natural transformation, called the unit

n:idc — GF.
such that for any map f : S — G(A) (in C), there is a unique map f : F(S) — A (in

D) such that G(f)on = f. Le.:

s Gr(s) F(S)
f _ _
G(f) f

G(A) A

Note that by considering the identity map id : G(A) — G(A) in C, we get a uniquely
determined map id : FG(A) — A. This map FG(A) — A is in fact natural in A, this
natural transformation is called the co-unit

e: FG — id.
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It can be shown that an equivalence F' : C — D is both a left and right adjoint.
We sketch the proof of F' being a left adjoint. Clearly we already have the natural
transformation 7 : idg — GF. To construct f from f : S — G(A) we can apply
the functor F, to get F(S) — FG(A), using the other natural isomorphism we get
F(S) — FG(A) — A. We leave the details to the reader.

The first definition of adjunction is useful when dealing with maps, since it gives an
bijection between the Hom-sets. However the second definition is useful when proving
a certain construction is part of an adjunction, as shown in the following example.

EXAMPLE 1.9. (Free abelian groups) There is an obvious functor U : Ab — Set, which
sends an abelian group to its underlying set, forgetting the additional structure. It is
hence called a forgetful functor. This functor has a left adjoint Z[—| : Set — Ab given
by the free abelian group functor. For a set S define

Z[S] ={¢: S — Z | supp(¢) is finite},

where supp(¢) = {s € S | ¢(s) # 0}. The group structure on Z[S] is given by pointwise
addition. We can define a generator es € Z[S] for every element s € S as

es(t):{lifS:t

0 otherwise

One can think of elements of this abelian group as formal sums, namely by writing
¢ € Z[S] as ¢ = 3 csupp(s) P(T)€a. In other words Z[S] consists of linear combinations

of elements in S. The functor Z[—] is defined on functions as follows. Let f : S — T be
a function, then define

ZIfl(¢) = D dx)esy forall ¢ € Z[S].
z€supp(¢)
It is left for the reader to check that this indeed gives a group homomorphism and that
the functor laws hold. There is a map n: S — UZ[S] given by
n(s) = es.
And given any map f : S — U(A) for any abelian group A, we can define

F@)= > o) epw).

zesupp (o)

It is clear that U(f) on = f. We will leave the other details (naturality of 1, f being a

group homomorphism, and uniqueness w.r.t. U(f) on = f) to the reader.

By the other description of adjunctions we have Homap(Z[5], A) = Homget (S, U(A)),
which exactly tells us that we can define a group homomorphism from Z[S] to A by only
specifying it on the generators eg, s € S. This fact is used throughout this thesis.
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1.6. The Yoneda lemma. So far we have only encountered definitions from cate-
gory theory. However there is a very important lemma by Yoneda. This lemma gives a
nice way to construct certain natural transformations.

DEFINITION 1.10. For any category C, we define a functor y : C — Set©” as follows
y(X) = Homc(—, X).
The functor y is called the Yoneda embedding.

We will denote the set of natural transformation between two functors F,G : C — D
as

Nat(F,G) = Hompc (F,G).

LEMMA 1.11. (The Yoneda lemma) Given a functor F : C — Set and any object C' € C
there is a bijection

Nat(y(C), F) = F(C),
which is natural in both F' and C.

We will not provide a proof of this lemma, but we will give the function which can be
proven to be a natural bijection. Given a natural transformation ¢ € Nat(y(C), F), we
can consider the map ¢¢ : y(C)(C) — F(C). Note that the codomain already is the
right set, we only have to apply ¢¢ to the right object. The bijection is given by

¢ — ¢c(ide).

We will use this lemma when we discuss simplicial abelian groups.



2. Chain Complexes

DEFINITION 2.1. A (non-negative) chain complex of abelian groups C'is a collection of
abelian groups C,, n € N, together with group homomorphisms 9,, : C,, — C},,_1, which
we call boundary operators, such that 0, o 9,1 = 0 for all n € N>0,

Thus graphically a chain complex C' can be depicted by the following diagram:

0 0, 0 0 0
504 403 302 201 100

There are many variants to this notion. For example, there are also unbounded chain
complexes with an abelian group for each n € Z instead of N. In this thesis we will only
need chain complexes in the sense of the definition above. Hence we will simply call them
chain complexes, instead of non-negative chain complexes. Other variants can be given
by taking a collection of R-modules instead of abelian groups. Of course not any kind
of mathematical object will suffice, because we need to be able to express 0, 0 Op4+1 = 0,
so we need some kind of zero object. We will not need this kind of generality and stick
to abelian groups.

In order to organize these chain complexes in a category, we should define what the maps
are. The diagram above already gives an idea for this.

DEFINITION 2.2. Let C and D be chain complexes, with boundary operators S and 9
respectively. A chain map f : C' — D consists of a family of group homomorphisms f,, :
Cy — Dy, such that they commute with the boundary operators: f,o g 1= ob 110 fns1

for all n € N, i.e. the following diagram commutes:

¢ o ¢ o5 ¢
5 o4 4 o 3 o, 2 o 1 Oy
h Ja h I3 h p) h bil h Jo
8D 8D 8D 8D 8D
5 Dy 4 Ds 3 Dy 2 Dy 1 Do

Note that if we have two such chain maps f: C — D and g : D — FE, then the level-wise
composition will give us a chain map go f : C — D. Also taking the identity function
in each degree, gives us a chain map id : C — C. In fact, this will form a category, we
will leave the details (the identity law and associativity) to the reader.

DEFINITION 2.3. Ch(Ab) is the category of chain complexes of abelian groups with

chain maps.

Note that we will often drop the indices of the boundary operators, since it is often clear
in which degree we are working. The boundary operators give rise to certain subgroups,
because all groups are abelian, subgroups are normal subgroups.

DEFINITION 2.4. Given a chain complex C' we define the following subgroups:



e the subgroup of n-cycles: Z,(C) = ker(0, : Cp, = Cp—1) < Cy,
e the subgroup of 0-cycles: Zy(C) = Cp, and
e the subgroup of n-boundaries: By, (C) =1im(0p+1 : Cry1 — Cp) I Cp.
LEMMA 2.5. Given a chain complex C' we have for all n € N:
B,(C) 4 Z,(C).

ProOOF. It follows from 0, o d,41 = 0 that im(0 : C,y1 — C,) is a subset of
ker(0 : C,, — Cp—_1). Those are exactly the abelian groups B,(C) and Z,(C), so
B, (C) 9 Z,(C). O

In general there is no inclusion in the other direction. This defect can be measured by
a quotient and gives rise to the following definition. A motivation for this concept will
be provided in Section

DEFINITION 2.6. Given a chain complex C' we define the n-th homology group H,(C)
for each n € N as:

H,(C)=Z,(C)/B,(C).
We will denote the class of an n-cycle = € Z,,(C) by [z] and refer to it as the homology
class of x.

LEMMA 2.7. The n-th homology group gives a functor H, : Ch(Ab) — Ab for each
n € N.

PrOOF. Let f: C'— D be a chain map and n € N. First note that for x € Z,,(C)
we have 0% (x) = 0, so 0P (f,(x)) = 0, because the square on the right commutes:

o ¢ ¢ o°

I — n—i—l"cn*’cn—l;’"'

lfn—&-l an

So there is an induced group homomorphism fZ : Z,(C) — Z,(D) (for n = 0 this
is trivial). Similarly there is an induced group homomorphism f” : B, (C) — B,(D)
by considering the square on the left. Now define the map H,(f) : [z] — [fn(z)] for
x € Z,(C), we now know that f, () is also a cycle, because of fZ. Furthermore it is well-
defined on classes, because of f2. So indeed there is an induced group homomorphism
H,(f): Hy,(C) — Hp(D).

It remains to check that H,, preserves identities and compositions. By writing out the
definition we see H,,(id)([z]) = [id(x)] = [z] = id[z], and:

Hu(g o f)([2]) = [gn(fn(2))] = Hn(9)([fn(2)]) = Hn(g) o Hn(f)([2]).
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2.1. A note on abelian categories. The category Ch(Ab) in fact is an abelian
category. We will only need a very specific property of this fact later on, and hence we
will only prove this single fact. For the precise definition of an abelian category we refer
to the book of Rotman about homological algebra [Rot09 Chapter 5.5]. The notion of
an abelian category is interesting if one wants to consider chain complexes over other
objects than abelian groups, because Ch(C) will be an abelian category whenever C is
an abelian categoryE] The property we want to use later on is the following.

DEFINITION 2.8. A category C is preadditive if the set of maps between two objects is
an abelian group, such that composition is bilinear. In other words: the Hom-functor
has as its codomain Ab:

Homc(—,—) : C? x C — Ab.

To see why functoriality is the same as bilinear composition, recall that the Hom-functor
in the first variable uses precomposition on maps, and postcomposition in the second
variable. By functoriality this should be a group homomorphism, written out this means:
ho(g+ f)=hog+ho f for postcomposition, in other words postcomposition is linear.
Similar for precomposition. Together this gives bilinearity of — o —.

Clearly the category Ab is preadditive, since we can add group homomorphisms point-
wise. Furthermore, postcomposition is linear ho(g+ f)(x) = h(g(z)+ f(z)) = h(g(z)) +
h(f(x)) = (hog+ ho f)(z), and similarly precomposition is linear. Using this we can
proof the following.

LEMMA 2.9. The category Ch(Ab) is a preadditive category.

PROOF. We can add chain maps level-wise. Given two chain maps f,g: C — D, we
define f + g as:
(f+g)n = fn + 9n,
where we use the fact that Ab is preadditive. Note that f + g is also a chain map,

since it commutes with the boundary operators. The bilinearity of composition follows
level-wise from the fact that Ab is preadditive. O

Of course given two preadditive categories C and D, not every functor will preserve this
extra structure.

DEFINITION 2.10. Let C and D be two preadditive categories. A functor F': C — D is
said to be additive if it preserves addition of maps, i.e.:

F(f+g)=F(f)+ F(g).

In other words the functor F' induces a group homomorphism: F' : Homc (A, B) —
Homp (F A, FB).

1However, this generality might not be so interesting from a categorical standpoint, as there is a fully
faithful (exact) functor F' : C — Ab for any (small) abelian category C, called the Mitchell embedding
[Rot09]. This gives a way to proof categorical statements in C by proving the statement in Ab.
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2.2. The singular chain complex. In order to see why we are interested in the
construction of homology groups, we will look at an example from algebraic topology.
We will see that homology gives a nice invariant for spaces. We will construct a chain
complex for any topological space. In this section we will not be very precise, as it will
only act as a motivation. However the intuition might be very useful later on, and so
pictures are provided to give meaning to this construction.

DEFINITION 2.11. The topological n-simplex A™, n € N, is the set

A" = {(x0, 1, .., xp) ER™ | 2; > 0and 2o+ ... + 2, = 1} C R
endowed with the subspace topology.
In particular A% is simply a point, A! a line and A? a solid triangle. There are nice
inclusions A™ < A"+ which we need. For any n € N we define:
DEFINITION 2.12. For i € {0,...,n+ 1} the i-th face map ¢ : A” — A" is defined as

64z, .. Tn) = (z0, ..., Ti_1,0,24, ..., 1) for all z € A™.

Given a space X, we will be interested in continuous maps ¢ : A™ — X, such a map is

called a singular n-simpler. Note that if we have a (n + 1)-simplex o : AL X we
can precompose with a face map to get a n-simplex o 0 §* : A™ — X. This is illustrated

in Figure[1] for n = 1.
T\
]51 oodt

Alz__>._

X

FIGURE 1. The 2-simplex o gives rise to a 1-simplex o o §!

From the picture it is clear that the assignment o +— o o §° gives one of the faces of
the boundary of . We would like to be able to formally add these different o o §* in
order to assign to o “its complete boundary”. This is achieved by passing to free abelian
groups as defined in the previous section. However we should note that the topological
n-simplex is in some way oriented or ordered, which is preserved by the face maps.

DEFINITION 2.13. For a topological space X we define the n-th singular chain group
Cn(X) by

Cr(X) = Z[Hommop (A", X)].
The singular boundary operator 0 : Cp41(X) — Cp(X) is defined on generators as

6(0‘) 20050—0‘051 _|_”__|_(_1)n+10_05n+1‘
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The elements in C,,(X) are called singular n-chains and are formal sums of singular
n-simplices. Since these groups are free, we can define any group homomorphism by
defining it on the generators, the n-simplices.

Some geometric intuition for the boundary operator is provided by Figure In this
picture we see that the boundary of a 1-simplex is simply its end-point minus the starting-
point. We see that the boundary of a 2-simplex is an alternating sum of three 1-simplices.
The alternating sum ensures that the end-points and starting-points of the resulting 1-
chain will cancel out when applying 0 again. So in the degrees 1 and 2 we see that 0 is
nicely behaved. We will now claim that this construction indeed gives a chain complex,
without proof.

01 o)

%, 0, s O s C)
[ [ [
(B et {00

FIGURE 2. The boundary of a 2-simplex, and the boundary of a 1-simplex

The above construction defines a functor C' : Top — Ch(Ab) (we will not prove this)
which sends a space X to its singular chain complez C(X). So the terminology of
Definition [2.4] applies to these chain complexes. Composing this with the functor H,, :
Ch(Ab) — Ab gives rise to the following definition.

DEFINITION 2.14. The n-th singular homology group of a space X is defined as
H"8(X) = Ho(C(X)).

With Figure |3| we indicate what Hfing measures. In the first space X we see a 1-cycle
o1 — 02 + 03 which is also a boundary, because we can define a map 7 : A? — X such
that 8(7) = o1 — 02 + 03, hence we conclude that 0 = [0 — 02 + 03] € H"#(X). So this
1-cycle is not interesting in homology. In the space X’ however there is a hole, which
prevents a 2-simplex like 7 te exist, hence 0 # [01 — o2+ 03] € H fing(X ’). This example

shows that in some sense this functor is capable of detecting holes in a space.

/ 2
- ,: o1 Uﬁl
g9 72

(B) The hole in X’ prevents the 1-cycle to be a

(A) The 1-cycle is in fact a boundary. boundary.

FiGURE 3. Two different spaces in which we consider a 1-chain o1 — o9 +
o3, this 1-chain is in fact a 1-cycle, because the end-points and starting-
points cancel out.
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A direct consequence of being a functor is that homeomorphic spaces have isomorphic
singular homology groups. There is even a stronger statement which tells us that ho-
motopy equivalent spaces have isomorphic homology groups. So if one is interested in
homotopy of a space, then homology already gives some information.

In the remainder of this section we will give the homology groups of some basic spaces.
For most spaces it is hard to calculate the homology groups from the definitions above.
One generally proves these results by using theorems from algebraic topology or homo-
logical algebra, which are beyond the scope of this thesis. The first example can be
calculated from the definitions above, however the proof is not included as the example
is only included as a motivation.

ExAMPLE 2.15. The homology of the one-point space * is given by

" 10 otherwise

Let S* = {x € R™*! | ||z|| = 1} be the k-sphere. For example, S° consists only of two
points and S! is the usual circle.

EXAMPLE 2.16. The homology of S* for k > 0 is given by

HSing(Sk)E Z ifn=0orn==%k
" 10 otherwise

For S° the homology group Hy(S?) is isomorphic to Z@Z, and all other homology groups
are trivial.

We can use the latter example to prove a fact about R™ quite easily (n > 0). Note that
R™ — {0} is homotopy equivalent to S"~!, so their homology groups are the same. As a
consequence R™ — {0} has the same homology groups as R™ — {0}, only if n = m. Now
if R™ is homeomorphic to R™, then also R™ — {0} = R™ — {0}, so this only happens if
n = m. This result is known as the invariance of dimension.
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3. Simplicial Abelian Groups

Before defining simplicial abelian groups, we will first discuss the more general notion of
simplicial sets. There are generally two definitions of simplicial sets, an abstract one and
a very explicit one. We will start with the abstract one, luckily it can still be visualised
in pictures, then we will derive the explicit definition. The reader who is interested in
how these notions are developed, should consider reading the introduction by Friedman
[Fril2], which also gives nice illustrations.

3.1. Abstract definition.

DEFINITION 3.1. We define a category A, where the objects are the finite ordinals
[n] = {0 < --- < n} for n € N and maps are monotone functions: Homa ([n],[m]) =

{f < [n] = [m] | f(i) < f(j) for all i < j}.

The category A is sometimes referred to as the category of finite ordinals or the cosim-
plicial index category. There are two special kinds of maps in A, the so called face maps
and degeneracy maps. The i-th face maps 0; : [n — 1] — [n] is the unique injective
monotone function which omits i. More precisely, it is defined for all n € N> as (note
that we do not explicitly denote n in this notation)

k if k <1,

0i:[n—1] = [n],k— _ , 0<i<n.
k+1 ifk>1,

The i-th degeneracy map o; : [n+ 1] — [n] is the unique surjective monotone function
which hits ¢ twice. More precisely it is defined for all n € N as

o ifk<i
i 1] = [n], k — _) 0<i<n.
oi i [n+1] = [n] {k:—l k>, r=n

The nice things about these maps is that every map in A can be decomposed to a
composition of such maps. So in a sense, these are all the maps we need to consider.

LEMMA 3.2. (Epi-mono factorization) Let n: [m] — [n] be a map in A. Then n can be
uniquely decomposed as

N =0, 0i10j, =+ Tjy;

such that 0 < jp < ---<j1<mand 0 <1 < -+ < iy < n.

This is called the epi-mono factorization, because it factors any map 7 into a surjective
part (oj, ---0j,) and an injective part (d;, - - - 6;, ). In a diagram:

[m] ! In]
(;'J-b...o—jl\,ﬂ " ‘/5i(1"'5i1
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PROOF. We start with the existence. Consider the set S = {k € [m —1] | n(k) =
n(k+1)}. These are precisely the elements which are hit twice, now let S = {j1,...,J5}
with 0 < jjg) < --- < j1 < m. This gives rise to a surjection o = oj, --- 0y, : [m] —

[m —|S]].

Similarly consider T' = {k € [m — |S|] | k & n[m]}. These are precisely the elements
which are omitted, now let T' = {iy, ..., i|T|} with 0 <4y < -+ <y < n. This gives an
injection 6 = §;, -+ d;, : [m — |S|] — [n]. Now we see that n = do.

Now for uniqueness, suppose also n = d; -+ d; 0 -~ 0y such that 0 < Jy <. <ji <
mand 0 <7} <--- <, <n. It is immediately clear that b = b’ must hold by counting
the elements which are hit twice, and therefore also a = a’. Note that n(j;,) = 17(j, 1),
because the sequences are ordered in the same way, this means j;, = j;, for all k. Similarly
ix = i}, for all k. O

We can now depict the category A as in Figure 4l Note that the face and degeneracy
maps are not unrelated. We will make the exact relations precise later.

[0] 2 < [1] > [2] 2 < [3]

FIGURE 4. The category A with face and degeneracy maps.

Although this is a very abstract definition, a more geometric intuition can be given. In
A we can regard [n] as an abstract version of the n-simplex A™. The face maps §; are
then exactly maps which point out how we can embed [n — 1] in [n]. This is visualized
in Figure This picture shows the images of the face maps, for example the image
of 3 from [2] to [3] is the set {0, 1,2}, which corresponds to the bottom face of the
tetrahedron. The degeneracy maps are harder to visualize, one can think of them as
“collapsing” maps. For example, this collapses a triangle into a line.

This category A will act as a prototype for these kind of geometric structures in other
categories. This leads to the following definition.

DEFINITION 3.3. A simplicial set X is a functor
X : A? — Set.

(Or equivalently a contravariant functor X : A — Set.)

P S Q\/*
O\/ —’7 \\>\\’?/{*>\

1—0 O/ —

FI1GURE 5. The category A with the face maps shown in a geometric way.
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y ———
Xo 2 X ¢ X > X3 ...
%

FIGURE 6. A simplicial set.

The category sSet of all simplicial sets is the functor category Set®” , where morphisms
are natural transformations. Because the face and degeneracy maps give all the maps in
A it is sufficient to define images of §; and o; in order to define a functor X : A°? — Set,
keeping in mind that these should satisfy some relations which we will discuss next.
Hence we can depict a simplicial set as done in Figure[6l Comparing this to Figure [4] we
see that the arrows are reversed, because X is a contravariant functor.

3.2. Explicit definition. Of course the maps §; and o; in A satisfy certain rela-
tions, these are the so called cosimplicial identities.

LEMMA 3.4. The face and degeneracy maps in A satisfy the cosimplicial identities:

(1) 5]51 = 5i6j—17 if i < 7
(2) Uj(si = (5in_1, ifi < Js
(3) 0j0; = 05041 = id,
(4) Uj(si = (51'_10'3', ifi>j741,
(5) 0j0; = 0i0j4+1, if 1 <.
ProoF. This follows immediately from the definitions. O

Note that these cosimplicial identities are “purely categorical”, i.e. they only use com-
positions and identity maps. Because a simplicial set X is a contravariant functor, dual
versions of these equations hold in its image. For example, the first equation corresponds
to X (0;)X(6;) = X (0;-1)X(0;) for i < j. This can be used for an explicit definition of
simplicial sets. In this definition a simplicial set X consists of a collection of sets X,
together with face and degeneracy maps. More precisely:

LEMMA 3.5. A simplicial set X is equivalently specified by a collection sets X,, n € N,
together with functions d; : Xy, = Xp—1 and s; : X, = Xpq1 for 0 <i<n andn €N,
such that the simplicial identities hold:

(6) did; = d;_1d;, ifi<j,

(7) d;s; = sj—1d;, if i < j,

(8) djsj = djy18; = id,

9) disj = sjdi—1, ifi>j74+1,
(10) 8iSj = 8j4+15i, if 1 < 7.

It is already indicated that a functor from A to Set is determined when the images
for the face and degeneracy maps in A are provided. So this gives a way of restoring
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the definition from this specification. Conversely, we can apply functoriality to obtain
this specification from the definition. We will not give the proof in more detail. From
now on we will use the following notation for a simplicial set X:

Xn:X([n]), S; :X(UZ') and dZ :X(éz)
For any other map /3 : [n] — [p] we will denote the induced map by g* : X, = X,.

When using a simplicial set to construct another object, it is often handy to use this
second definition, as it gives you a very concrete objects to work with. On the other
hand, constructing this might be hard (as you would need to provide a lot of details), in
this case we will often use the more abstract definition.

Note that because of the third equation, the degeneracy maps s; are injective. This
means that in the set X,,41 there are always “copies” of elements of X,,. In a way these
elements are not interesting, hence we call them degenerate.

DEFINITION 3.6. An element x € X, 11 is degenerate if it lies in the image of s; : X,, —
X1 for some ¢, otherwise it is called non-degenerate.

LEMMA 3.7. We can write any x € X,, uniquely as x = [*y with 5 : [n] — [m] a
surjective map and y € X,, non-degenerate.

ProOOF. We will proof the existence by induction over n. For n = 0 the statement is
trivial, since all elements in X are non-degenerate. Assume the statement is proven for
n. Let x € X, 41. Clearly if x itself is non-degenerate, we can write x = id*z. Otherwise
it is of the form z = s;2’ for some 2’ € X, and 7. The induction hypothesis tells us that
we can write 2/ = §*y for some surjection 8 : [n] — [m] and y € X,,, non-degenerate. So
r = 58"y = (Boi)"y.

For uniqueness, assume x = *y = v*z with 8 : [n] - [m], v : [n] - [m/] and y €
Xm, 2z € X, non-degenerate. Because [ is surjective there is an « : [m| — [n]| such
that Sa = id and hence y = o*f*y = a™y*z = (ya)*z. By the epi-mon factorization
(Lemma we can write yoa = 9;, - -- 05,05, - - - 0j,, using that y is non-degenerate we
know that yo is injective. So we have ya : [m] < [m/]. Because of symmetry (of y and
z) we also have some map [m'] < [m], so m = m/. So v« is also surjective, hence the
identity function, thus y = z, meaning that the non-degenerate m-simplex y is unique.

Now assume x = §*y = v*y with v, 3 : [n] = [m] such that g # ~, and y € X,,, non-
degenerate. Then we can find an « : [m| — [n] such that fa = id and ya # id. With
the epi-mono factorization write ya = d;, - - ;,0j, - - - 0j,, then by functoriality of X

y=a' By =a"yy=sj - s5d - diy.

Note that y was non-degenerate, so sj, ---s; = id, hence d;, ---d;, = id. So yo = id,
which gives a contradiction. So 8 = =, meaning that the surjection 3 is also unique. [J

3.3. The standard n-simplex. Recall that for any category C we have the Hom-
functor Homg(—, —) : C%? x C — Set. We can fix an object C € C and get a functor
Homc(—,C) : C? — Set. In our case we can get the following simplicial sets in this
way:
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DEFINITION 3.8. The standard n-simplex A[n] € sSet is given by

Aln] = Homa (-, [n]) : A” — Set.

Note that A[—]: A — sSet is exactly the Yoneda embedding. So a m-simplex in Aln]
is nothing more than a monotone function [m] — [n]. In a moment we will see why
the Yoneda lemma is useful to us, but let us first describe which functions are non-
degenerate. Recall that a simplex is degenerate if it lies the image of s; for some 7. In
the simplicial set A[n] the degeneracy maps s; are given by precomposing with o; (by
definition of the Hom-functor).

LEMMA 3.9. The non-degenerate m-simplices in A[n] are precisely injective monotone
functions [m| < [n].

PROOF. Given a m-simplex x € A[n},,, using the epi-mono factorization we can
write it as ¢ = do : [m] — [n], where ¢ is injective and o surjective. It is now easily
seen that x is degenerate if and only if o # id. In other words a m-simplex = € A[n],,
is non-degenerate if and only if x : [m] — [n] is injective. Note that for m > n no such
injective monotone functions exist and for m = n there is a unique one, namely idp,;. 0O

EXAMPLE 3.10. We will compute how A[0] looks like. Note that [0] is an one-element
set, so for any set S, there is only one function * : S — [0]. Hence A[0],, = {} for all
n and the face and degeneracy maps are necessarily the identity maps id : {x} — {x}.
Thus, A[0] looks like

P

Al0] == {+} {x} {*}

«—

Note that the only non-degenerate simplex is the unique 0-simplex.

ExAMPLE 3.11. All] is a bit more interesting, but still not too complicated. We will
describe the first three sets A[l]g, A[l]; and A[l]e. We can use the fact that any
monotone function f : [n] — [m] is a composition of first applying degeneracy maps,

. [k} 04y 0

. Tig " Tipg 0%N
and then face maps, i.e.: f:[n]

> [m], where k < m,n.

For All]p we have to consider maps from [0] to [1], we cannot first apply degeneracy
maps (there is no object [—1]). So this leaves us with the face maps: A[l]o = {do,d1}-
For A[l]; we of course have the identity function and two functions dyog, d109. Now
A[l]y are the maps from [2] to [1].

We will compute the two face maps dy and d; from A[l]; to A[l]p. Recall that the Hom-
functor in the first argument (the contravariant argument) works with precomposition.
So this gives
dp(id) = iddy = dg
do(doo0) = doo0do = do
do(6100) = doo0dy = d1.
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Where we in the first calculation used the identity law. In the second and third line we
used the third simplicial equation, asserting that ogdy = id. Similarly we can calculate
the face map dy:

di(id) = ids; = &,
d1(500'0) = 0popd1 = &g
d1(510'0) = dpopd1 = 1.

A[l] = {50,(51} — {(5[)0'0,id,(510’0} e

In this simplicial set there are three non-degenerate simplices. There is id € A[l]y,
which clearly is non-degenerate, and the two O-simplices dg and d;. One can think of
this simplicial set as a line (the non-degenerate 1-simplex) with its endpoints (the two
O-simplices).

3.4. Simplicial objects in arbitrary categories. Of course the definition of
simplicial set can easily be generalized to other categories. For any category C we
can consider the functor category sC = CA”. In this thesis we are interested in the
category of simplicial abelian groups:

sAb = Ab2”.

So a simplicial abelian group A is a collection of abelian groups A,,, together with face
and degeneracy maps, which in this case means group homomorphisms d; and s; such
that the simplicial equations hold.

Note that the set of natural transformations between two simplicial abelian groups A
and B is also an abelian group. The proof that sAb is a preadditive category is very
similar to the proof we saw in Section [2] For two natural transformations f,g: A — B
we simply define f + g pointwise by (f + ¢)n = fn + gn and it is easily checked that this
is a natural transformation.

As we are interested in simplicial abelian groups, it would be nice to obtain simplicial
abelian groups associated to the standard n-simplices. We have seen how to make an
abelian group out of any set using the free abelian group functor. We can use this functor
Z|—] : Set — Ab to induce a functor Z*[—] : sSet — sAb as shown in the following
diagram. This construction obviously defines a functor Z*[—| : sSet — sAb. Similarly,

X
AP —— Set

2(x] BZ[]

Ab

FiGure 7. The simplicial set X can be made into a simplicial abelian
group Z*[X] by postcomposing with Z[—].
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postcomposition with the forgetful functor U : Ab — Set gives rise to a forgetful functor
U* :sAb — sSet. Thus in formulas we have

7¥ X, =Z[X,] and U*(A), =U(A4,).
This justifies that we may drop this extra decoration (*) and write Z[—] (resp. U) instead
of Z*[—] (resp. U*).

LEMMA 3.12. The functor Z[—] : sSet — sAb is a left adjoint, with U : sAb — sSet
as right adjoint.

As this is a purely categorical question (it even works for arbitrary functor categories),
only a sketch of the proof is given. First note that by the fact that Z and U already form
an adjunction, and if we are given a natural transformation f : X — UA of simplicial
sets we get the following diagram for each n € N:

X, 2, UzIX], ZXn]
fn _ _
\ U(Ff,) T
U(Ay) A,

Then use naturality of 7 (in X, thus in particular in n) to extend this ton : X —
% Z[X]. The uniqueness of the maps f,, will assure that we get a natural transformation
f:Z]X] — A. The reader is invited to check the details.

EXAMPLE 3.13. We can apply this to the standard n-simplex A[1l]. This gives A[l]p =
72, since A[1]g has two elements, and Z*[A[1]]; = Z3, where the isomorphisms are taken
such that

100 — (0,0,1).
The face maps from Z[A[1]]; to Z[A[1]]p under these isomorphisms are then given by
dO(xy Y, Z) = ((L‘ + v, Z)?
dl(x7y’ Z) = (xvy + Z)‘

3.5. The Yoneda lemma. Recall the statement of the Yoneda lemma from Sec-
tion (I} In our case we consider functors X : A°? — Set and objects [n]. So this gives
us a natural bijection

Homgget (Aln], X) = X,

telling us that we can regard n-simplices in X as maps from A[n] to X. This also extends
to the case of simplicial abelian groups.
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LEMMA 3.14. (The additive Yoneda lemma) Let A be a simplicial abelian group. Then
there is a group isomorphism

I

Homgan (Z[A[n]], A)

which is natural in A and [n].

An,

PROOF. By using the (non-additive) Yoneda lemma and the fact that Z is a left
adjoint, we already have a natural bijection:
Homgap(Z[Aln]], A) = Homgget (A[n],U(A)) 2 U(A), = A,.
The only thing that we need to check is that this bijection preserves the group structure.

Recall that this bijection from Homgsan(Z[A[n]], A) to Ay, is given by (where id = id,
is a generator in Z[A[n]])

o(f) = fulid) € X, for f: Aln] — X,

Now let A be a simplicial abelian group and f, g : ZA[n] — A maps. Then we compute
o(f) + ¢(g9) = fu(id) + gn(id) = (fn + g,)(id) = (f + 9)n(id) = o(f + 9),

where we regard id € Aln| as an element id € ZA[n], we can do so by the unit of

the adjunction. So this bijection is also a group homomorphism, hence we have an
isomorphism Homgap (Z[A[n]], A) = A, of abelian groups. O
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4. The Dold-Kan correspondence

Comparing chain complexes and simplicial abelian groups, one sees a certain similarity.
Both concepts are defined as sequences of abelian groups with certain structure maps.
At first sight simplicial abelian groups seem to have a richer structure. There are many
face maps as opposed to only a single boundary operator. Nevertheless, as we will show
in this section, these two concepts give rise to equivalent categories.

4.1. Unnormalized chain complex. Given a simplicial abelian group A, we have
a family of abelian groups A,,. For every n > 0 we define a group homomorphism

8n:d0—d1+...+(—1)"dn:An—>An_1.

LEMMA 4.1. Using A, as the family of abelian groups and the maps O, as boundary
operators gives a chain complex.

PROOF. We already have a collection of abelian groups together with maps, so the
only thing to prove is 0,1 0 3, = 0. This can be done with a calculation.

n—1 n
On100,=>_ Y (~1)"d;0d,

=0 5=0
n—1 1 n—1 n

USS (—)tdiod;+ 3 Y (—1)Hd 0 d;
=0 j=0 =0 j=i+1
n—1 1 n—1 n

O S ) Hdiod;+ 3 Y (—1)Hd, 0 d;
1=0 j=0 1=0 j=1i+1
n—1 1 n—1n—1
i=0 j=0 1=0 j=i
n—1 1

n—1 14
=Y > (D Hdiod; =3 (<1 Hdiod; =0

i=0 j=0 i=0 j=0

In this calculation we did the following. We split the inner sum in two halves (1) and
we use the simplicial equations on the second sum (2). Then we do a shift of indices (3).
By interchanging the roles of ¢ and j in the second sum, we have two equal sums which
cancel out. So indeed this is a chain complex. O

Thus, associated to a simplicial abelian group A we obtain a chain complex M (A) with
M(A),, = A,, and the boundary operators as above. Following the book [GJ99] we will
call the chain complex M (X) the Moore complex or unnormalized chain complex of X.
This construction defines a functor

M : sAb — Ch(Ab)
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by assigning M (f), = fn for a natural transformation f : A — B. It follows from a nice
calculation that M(f) is indeed a chain map:

fnfl 00 = fn,1 o (do —di+...+ (—1)ndn)
= fnfl o dO - fnfl o dl +...+ (_1)nfn71 o dn
1
Yoo fu—diofot...d(=1)dpofn
= (do—dl—l—...—i-(—l)ndn)ofn:80fn,
where we used naturality of f in step (1). This functor is in fact already used in the
construction of the singular chain complex, where we defined the boundary operators
(on generators) as d(o) =cody—ood; + ...+ (=1)" g od, 1. We will briefly come
back to this in Section Bl

Let us investigate whether this functor M can be part of an equivalence. If M would
be part of an equivalence, it would be essentially surjective, meaning that for any chain
complex C there exists a simplicial abelian group A such that M(A) = C. For example
take the following chain complex

C=...-0—=20—7.

If we want M to be essentially surjective, there should exist a simplicial abelian group

~ ~

A with Ag & Z and Ag = 0. Recall that the degeneracy maps are injective. This
contradicts as there is no injective map Z < 0. So it is easily seen that M cannot be
part of an equivalence, although it is a nice functor.

4.2. Normalized chain complex. To repair this defect we should be more careful.
Given a simplicial abelian group, simply taking the same collection for our chain complex
will not work. Instead we are after some “smaller” abelian groups, and in some cases
the abelian groups should completely vanish (as in the example above).

Given a simplicial abelian group A, we define abelian groups N(A), as
n
N(A), = (ker(di : Ay = Ap_1), n>0

i=1

N(A)p = Ao.
Now define group homomorphisms 0 : N(A), — N(A),_1 as
9 = do|n(a),-

LEMMA 4.2. The function 9 is well-defined. Furthermore 000 = 0.

PROOF. Let © € N(A)y, then d;0(z) = dido(x) = dodit1(z) = dp(0) = 0 for all
i < n. So indeed 9(x) € N(A),—1, because in particular it holds for ¢ > 0. Using this
calculation for ¢ = 0 shows that 0od = 0. This shows that N(A) is a chain complex. O
The chain complex N(A) is called the normalized chain complex of A.

LEMMA 4.3. The above construction defines a functor N : sAb — Ch(Ab). Further-
more N is additive.
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PROOF. Given a map f : A — B of simplicial abelian groups, we consider the
restrictions

fn|N(A)n : N(A)n — B,.
Because f, commutes with the face maps we get

di(fn(z)) = frn-1(di(z)) = 0,

for i > 0 and z € N(A),. So the restriction also restricts the codomain, in other
words fn|n(a), : N(A)n — N(B), is well-defined. Furthermore it commutes with the
boundary operators, since f itself commutes with all face maps. This gives functoriality
N(f): N(A) — N(B).

Let f,g: A — B be two maps, then we prove additivity by

N(f+9) = (f+9)|nw) = fln) +9Inva) = N(f) + N(g).
O

EXAMPLE 4.4. We will look at the normalized chain complex of Z[A[0]]. Recall that it
looks like

—

ZIAD)) = 7 7 R —

—

where all face and degeneracy maps are identity maps. Clearly the kernel of id is
the trivial group. So N(Z[A[0]]); = 0 for all # > 0. In degree zero we are left with
N(Z[A]0]])o = Z. So we can depict the normalized chain complex by

NZAQ])=---—=0—0—Z.

So in this example we see that the normalized chain complex is really better behaved
than the unnormalized chain complex given by M (Z[A0]]).

To see what NV exactly does there are some useful lemmas. These lemmas can also be
found in [Lam68, Chapter VIII 1-2], but in this thesis more detail is provided. Some
corollaries are provided to give some intuition, or so summarize the lemmas, these results
can also be found in [Wei94l Chapter 8.2-4]. For the following lemmas let X € sAb
be an arbitrary simplicial abelian group and n € N. For these lemmas we will need the
subgroups D,,(X) C X,, of degenerate simplices, defined as:

n

Dn(X) =) si(Xn 1)

i=0

LEMMA 4.5. For all x € X,, we have:
rz=>b+c,

where b € N(X),, and ¢ € Dp(X).

PROOF. Define the subgroup P¥ = {z € X,, | d;xz = 0 for all i > k}. Note that by
definition we have

NX),=P'CcPc...cpPrlcCcp'=X,.
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We will prove with induction that for any k& < n we can write x € X,, as x = b+ ¢, with
b€ PFand c € D,(X). For k = n the statement is clear, because we can simply write
z = z, knowing that z € P! = X,,.

Assume the statement holds for & > 0, we will prove it for kK — 1. So for any = € X, we
have z = b+c, with b € P¥ and ¢ € D,,(X). Now consider b’ = b— s,_1dib. Now clearly
for all i > k we have d;b' = 0. For k itself we can calculate

(V) = dps(b — sp_1dyb) = dyb — dyysp_1dyb = db — dib = 0,

where we used the equality dpsi_1 = id. So V' € P,’f_l. Furthermore we can define
' = sg_1dgb + ¢, for which it is clear that ¢ € D,,(X). Finally conclude that

r=b+c=b—sp_1dpb+ sp_1db+c=0b 4+,
with b € P*~! and ¢/ € D, (X).
Doing this inductively gives us x = b+ ¢, with b € P) = N(X),, and ¢ € D, (X). O
LEMMA 4.6. For all x € X,,, if six € N(X)p41, then x = 0.

ProOF. Using that s;z € N(X)p4+1 means 0 = diyq1s;x for any k£ > 0 and by using
using the simplicial identity: d;+1s; = id, we can conclude = = d;415;¢ = 0. O

The first lemma tells us that every m-simplex in X can be decomposed as a sum of
something in N(X) and a degenerate n-simplex. The latter lemma assures that there
are no degenerate n-simplices in N(X). So this gives us:

COROLLARY 4.7. X, = N(X), @& D, (X)

We can extend the above lemmas to a more general statement.

LEMMA 4.8. For all x € X,, we can write x as
T = Z Ch (1’5),
B
for certain xg € N(X),, where B ranges over all surjective functions 8 : [n] — [p].

Proor. We will proof this using induction on n. For n = 0 the statement is clear
because N (X)g = Xjp.

Assume the statement is proven for n. Let x € X,11, then from Lemma we see
x = b+ c. Note that ¢ € D,,(X), in other words ¢ = Z;:ol sici, with ¢; € X,,. So with
the induction hypothesis, we can write these as ¢; = > 3 B*c; g, where the sum quantifies
over 3 : [n] — [p]. Now b is already in N(X)p+1, so we can set xyq = b, to obtain the
conclusion. O

LEMMA 4.9. Let B : [n] — [m] and v : [n] — [m/] be two maps such that 8 # ~. Then
we have B*(N(X))m Ny*(N(X))m = 0.
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ProOOF. Note that N(X); only contains non-degenerate i-simplices (and 0). For
z € B (N(X))pNv*(N(X))q we have z = f*y = v*y/, where y and y’ are non-degenerate.
By Lemma[3.7 we know that every n-simplex is uniquely determined by a non-degenerate
simplex and a surjective map. For x # 0 this gives a contradiction. U

Again the former lemma of these two lemmas proves the existence of a decomposition
and the latter shows the uniqueness. So combining these gives:

COROLLARY 4.10. For all x € X,, we can write v = 35 8*(x) in a unique way.

And by considering X, as a whole we get:

Using Corollary we can prove a nice categorical fact about IV, which we will use
later on.

LEMMA 4.12. The functor N is fully faithful, i.e.
N : HOl’nSAb(A, B) = HomCh(Ab) (N(A), N(B)) A, B € sAb.

PROOF. First we prove that N is injective on maps. Let f : A — B and assume
N(f) =0, for z € A, we know x =35 "2, so

f(x) = f(X2p 8 ()
=25 /(8" (xp))
=258 (f(zp))

=2 B (N(f)(xp)) =

where we used naturality of f in the second step, and the fact that x3 € N(A) in the

last step. We now see that f(x) = 0 for all x, hence f = 0. So indeed N is injective on
maps.

Secondly we have to prove N is surjective on maps. Let g : N(A) — N(B), define

f:A— B as
)
B
again we have written x as z = 5 *xg. Clearly N(f) = g. O

If we reflect a bit on why the functor M was not a candidate for an equivalence, we see
that N does a better job. We see that /N leaves out all degenerate simplices, so it is
more carefully chosen than M, which included everything. In fact, Corollary exactly
tells us M(X),, = N(X), ® Dp(X).
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4.3. From Ch(Ab) to sAb. In this subsection we will construct a functor from
chain complexes to simplicial abelian groups. We will do this in a fairly abstract way.
There is, however, also an explicit description of this functor which will be given after
proving the main equivalence.

Let A be an additive category and F' : sAb — A an additive functor. We want to
construct a functor G : A — sAb which is right adjoint to F'. For each a € A we have
to specify G(a) : A? — Ab. Assume we already specified this, such that G is the right
adjoint, then by the additive Yoneda lemma we know

G(a), = Homgap(Z[An]], G(a))
= Homy (FZ[A[n]], a).
This in fact can be used as the definition of G:
G(a)n, = Homy(FZ[A[n]], a).
To check that indeed G(a) € sAb we only have to remind ourselves that we only com-
posed two functors, namely

A ﬂ)sSet —z—>sAb —E—>A and

Homy(—,a) : A — Ab

giving us Homa (FZ[A[-]],a) : A°? — Ab. Similarly G itself is a functor, because it is
defined using the Hom-functor.

Many functors to sAb can be shown to have this descriptionﬂ In our case we can define
a functor K as

K : Ch(Ab) — sAb
K(C) = Homcpanb) (NZ[A[-]], O).

This is a very abstract definition so we will first discuss what a chain map NZ[A[n]] — C
looks like. Recall that the non-degenerate m-simplices of A[n] are exactly injective maps
n : [m] < [n] (Lemma [3.9). So NZ[A[n]] consists of linear combinations of those non-
degenerate simplices, as IN precisely gives us the non-degenerate elements. Note that
NZ[An]),, are free groups, since Z[A[n]],, are free. In other words, when defining a
chain map NZ[A[n]] — C it is sufficient to define it on the generators, i.e. on the
injections 7 : [m] < [n]. This fact is used throughout the following proofs.

Furthermore the degeneracy maps s; : K(C),—1 — K(C), are given by precomposition
of the induced map o4, : NZ[A[n]] — NZ[A[n — 1]] which in their turn are given by
postcomposition. More precisely this gives s;(f)m(n) = fm(oin) for any f € K(C)p—1
and 1 : [m] — [n]. We will now have a closer look at the degenerate elements of
K(C).

LEMMA 4.13. Let f : NZ[A[n]] — C be a chain map then f € D,(K(C)) if and only if
fr =20 forall r > n.

2And also many functors to sSet are of this form if we leave out all additivity requirements.
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PROOF. If f € D,(K(C)) we can write f as f = Y1 s;(f@) for some maps
f@ : NZ[A[n—1]] — C. Since NZ[A[n—1]], = 0 as there are no injections [r] < [n—1],
we have fqgl) =0forallr >n— 1.

For the other direction let f : NZ[A[n]] — C be a chain map and f, = 0 forall r > n.
Define f7(,§) () = fm(8;n) for i : [m] < [n]. This gives a chain map f® : NZ[A[n —1]] —
C by a simple calculation:

A ) = 0m0m) 2 f1(00m) 2 fnr (Gim00) € 1L (0(m)),

where we used that f is a chain map at (1) and the definition of the boundary operator
of N(—) and the definition of face maps in A[—] at (2).

Now let 7 : [m] < [n] and n # id (we already know f(id},)) = 0 by assumption) then
by the epi-mono factorization we have n =¢;, ---4d;, with a > 0, so

@) r@a (2) f(ia (3) ia
Fn(n) = Fin(Bia -+ 810) = 30 (B0 y -+ 0) = [522)(01,00,810 -+ 611) = sia (f9))m(m),
where we used the definition of fg“) at (1), one of the simplicial identities at (2) and the
definition of degeneracy maps at (3) as discussed earlier.

By the fact that injections are generators this gives fp, = > 1" si(f (i))m for all m, i.e.
f=3"si(f?). Hence f € D, (K(C)). O

We now have enough lemmas to prove the main equivalence quite easily. The most
important lemma for the isomorphism X = KN X will be the lemma stating that N is
fully faithful. For the other isomorphism we will use the above lemma to characterize
the degenerated simplices in K(C).

THEOREM 4.14. N and K form an equivalence.

PROOF. Let X be a simplicial abelian group. Then we have the following natural
isomorphisms of abelian groups:

(1)
X, = Hom(Z[A[n]], X)

(@)
~ Hom(NZ|A[n]], NX)

KN,

Where we used the additive Yoneda lemma at (1) (Lemma , then we use the fully
faithfulness of N at (2) (Lemma and at (3) we simply use the definition of K.
Using naturality in n we have established X =2 KN X and by naturality in X we have
id 2 KN, proving the first part of the equivalence.

For the second part we will explicitly define an isomorphism as
¢n: NK(C),, — Cy,
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Note that this is well defined by the fact that idj, is a non-degenerate simplex. This
defines a natural chain map, because

5O(F)) = O()nr(id) 2 (fu_100)(id) 2 (90 £.)(d) = A(F)),

where we used the definition of 9 at (1) and the fact that f is a chain map at (2).
Naturality follows easily by calculating

(b(NK(g)(f)) - ¢(9 o f) - gn(fn(ld)) - gn(é(f))

We will first show that ¢,, is surjective. Let x € (), define a chain map as
gr(y) =0 forr#n,n—1
gn(idp)) = =

gn-1(8;) = {3(1’) if i =0

0 otherwise

Clearly ¢,(g) = x by definition and g is a chain map as we defined it to commute with the
boundary operators. For proving injectivity consider g € ker(¢,,) then for trivial reasons
we have f, =0 for all r > n and f,(id},)) = 0 gives f, = 0. Applying Lemma gives
us f € Dp(K(C)), but f € N(K(C))n. So by using Corollary 4.7 we get f = 0. Thus

~Y

¢n, is an isomorphism, which gives us NK(C) = C.

We now have established two natural isomorphisms idgap = KN and NK = idcp(Ab).
Hence we have an equivalence Ch(Ab) ~ sAb. (|

One might not be content with the abstract description of the functor K. In the remain-
der of this section a more explicit description will be given, and it will be indicated why
the two descriptions coincide.

DEFINITION 4.15. For a chain complex C define the abelian groups

K'(C)n=EpCy,
B

where 8 ranges over all surjections 8 : [n] — [p] and Cg = (), (B only acts as a
decoration).

Before we provide the face and degeneracy maps, one should see a nice symmetry with
Corollary One can also prove the equivalence with this definition. The first iso-
morphism will be harder to prove, whereas the second isomorphism is easier, as we get
the characterization given by Lemma [£.13] almost by definition.

For a chain complex C' we will turn the groups K'(C),, into a simplicial abelian group
by defining K’ on functions. Let « : [m] — [n] be a function in A, we will define
K'(a) : K(C), — K(C),, by defining it on each summand Cg. Fix a summand Cg,
by using the epi-mono factorization we know Sa = o for some injection § and some
surjection . In the case 6 = id, we make the following identification

Cl = CJ C K'(C)m.
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In the case § = §yp we use the boundary operator as follows:

820y =0 C K (C)m

In all the other cases we define the map Cg — K'(C)y, to be the zero map. We now

have defined a map on each of the summands which gives a map K'(a) : K'(C),, —
K'(C)p.

We will not show that this functor K’ is isomorphic to our functor K defined earlier,
however we will indicate that it makes sense by writing out explicit calculations for
K(C)p and K(C);. First we see that
K(C)o = Homgpap) (NZ"A[0], C) = { lfe 1A |fo } = Cy = K'(O)o,
- — 0y — C1 — (G

because for f1, fo,... there is no choice at all, and for fy : Z — Cy we only have to

choose an image for 1 € Z. In the next dimension we see

K(C)1 = Homgpab) (NZ*A[1],C) = 2 [h 1fo p=Ci@Co=K'(C),
= Oy — C1 — Gy

because again we can choose f; anyway we want, which gives us C. But then we are
forced to choose fo(x,x) = O(f1(z)) for all x € Z, so we are left with choosing an element
¢ € Cy for defining f(1,—1) = ¢. Adding this gives C; @ C.
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5. Homotopy

We have already seen homology in chain complexes. We can of course now translate
this notion to simplicial abelian groups, by assigning a simplicial abelian group X to
H,(N(X)). But there is a more general notion of homotopy for simplicial sets, which
is also similar to the notion of homotopy in topology. We will define the notion of
homotopy groups for simplicial sets.

When dealing with homotopy groups in a topological space X we always need a base-
point x € X. This is also the case for simplicial sets. We will notate the chosen
base-point of a simplicial set X with * € Xy. More formally, a pointed simplicial set
(X, %) is a simplicial set X together with a 0-simplex * € X(y. By the Yoneda lemma
this 0-simplex corresponds to a map A[0] — X, and any simplex in the image will be
denoted by *. Another way of saying this is that we denote the degenerate simplices
50(... (so(*))...) € X, as x. Of course in our situation we are concerned with simplicial
abelian groups, where there is an obvious choice for the base-point given by the neutral
element 0.

5.1. Homotopy groups.

DEFINITION 5.1. Given a simplicial set X with base-point *, we define Z,,(X) to be the
set of n-simplices with the base-point as boundary, i.e.

Zn(X) ={z € X,)|di(x) = * for all i < n}.

For two n-simplices z, 2’ € Z,,(X), we define x ~ 2’ if there exists y € X,, 1 such that

(11) do(y) =,
(12) di(y) =/,
(13) di(y) = for all i > 1.

We will call y the homotopy and notate y : x ~ x’.

Of course we would like ~ to be an equivalence relation, however this is not true for
all simplicial sets. For example there is in general no reason for symmetry, existence
of a homotopy from z to 2’ does not give us a homotopy from z’ to z. One can give
an precise condition on when it is a equivalence relation, the so called Kan-condition.
In our case of simplicial abelian groups, however, we can prove directly that ~ is an
equivalence relation.

In figure [§] it is shown why the definition of homotopy makes sense for n = 1. Two
homotopic 1-simplices from Z,(X) are depicted in two ways. The first way only shows
the structure we have, indicating what the boundaries are (as described by the face
maps). In the second figure we collapsed all occurrences of 0 into a single point. This
way of drawing a homotopy should remind the reader of homotopy (between paths) in
a topological space.

LEMMA 5.2. For any simplicial abelian group X, the relation ~ as defined above is an
equivalence relation on Z,(X). Furthermore it is compatible with addition.
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FIGURE 8. In the figure on the left two homotopic 1 simplices x,2’ €
Z,(X) are shown. The fact that da(y) = * is depicted by crossing out
the bottom line. The right image shows exactly the same structure if
we would draw the 0-simplex 0 only once (and hence also collapse the
degenerate 1-simplex day).

Before proving this, one should have a look at figure 0] In this figure we show what
we want to proof in degree n = 0 (i.e. the simplices of interest are points, and the
homotopies are paths).

F1GURE 9. The three properties of an equivalence relation: reflexivity,
symmetry and transitivity. The dashed lines show which homotopy we
should construct.

PROOF. Reflexivity. Let x € Z,(X), define y = spx. By considering the simplicial
identities dysg = id and dysgp = id, it follows that doy = diy = x. Furthermore
diy = d;sox = sod;i—1x = 0 for all i > 1, because x € Z,,(X).

Symmetry. Let x,2' € Z,(X) with y : x ~ 2/. Define 3y = sz + spa’ — y, then by using
linearity: doy' =z +2' — 2 =2’ and dyy = v+ 2’ — 2’ = x. For i > 1 we again get
d;y’ = 0, because x € Z,(X).

Transitivity. Let xg,z1,20 € Z,(X) with y : g ~ z1 and z : 1 ~ x3. Define w =
y + z — spx1. By linearity we have dyw = xg + 21 — 21 = o, similarly dyw = x5. Again
for i > 1 we have d;w = 0.

Addition. Let y : xg ~ x1 and 2z : o ~ x3. Then by linearity y + z : ¢ + x2 ~ x1 + 3
and —y : —xg ~ —x1. O

DEFINITION 5.3. Given a simplicial abelian group X, we define the n-th homotopy group
as

(X)) = Zn(X)/ .

Note that this is an abelian group, because Z,(X) is a subgroup of X,,, and ~ also defines
a subgroup. It is relatively straight forward to prove that this definition coincides with
the n-th homology group of the associated normalized chain complex.
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LEMMA 5.4. For any simplicial abelian group X :
T (X) = Hp(N(X)).

PROOF. By writing out the definitions of the n-cycles and n-boundaries of the nor-
malized chain complex, we see:

ker(9) = {z € N(X), | 9(z) = 0}

={r e X, | di(x) =0 forall i > 0 and dyp(z) = 0}

={r e X, | di(x) =0 forall i <n}

= Zn(X)

m(9d) ={0(y) | y € N(X)nt1}

={doy | y € Xp41,di(y) =0 for all i > 0}

={r e NX), | z~0}
So we see that m,(X) = Z,,(X)/~ = ker(9)/im(0) = H,(N(X)). O
COROLLARY 5.5. For a chain complex C we have Hy,(C) = 7, (K (C)).

PROOF. By the established equivalence we have for any chain complex C:
T (K(C)) = Hy(N(K(C))) = Hn(C).
O

5.2. Topology. In Section [2] we already defined the topological n-simplex A™ €
Top. We will now relate these spaces to the standard n-simplices A[n| € sSet. We will
define a functor A~ : A — Top as follows

A~ ([n]) = A™ = {(z0, x1,...,2,) ER"™ | 2; >0 and o + ... +x, = 1},
A7 (0;)(xoy ..oy xn) = (oy -+ o, 2i—1,0, T4, . .., Tp),
A_(O'Z')([Eg,...,mn) = (mo,...,$i+$i+1,...,$n).

The definition of A~ (;) was already defined in Section [2| as the face maps §° : A" —
A" So in addition we defined degeneracy maps. The reader is invited to check the
cosimplicial identities himself and conclude that we have a functor A~ : A — Top.
By composing this with the Hom-functor we obtain a functor S : Top — sSet given
by

Sing(X), = Homep (A", X).

Recall construction of the singular chain complex in Section
Cn(X) = Z[Hommop (A", X)).

Where the boundary operator was given as an alternating sum. Looking more closely
we see that this construction decomposes as:

C: Top ¢, sSet % sAb L5 Ch(Ab),
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where the last functor is the unnormalized chain complex. All the categories involved
have a notion of homotopy. In topological spaces this is the known notion where f,g :
X — Y are homotopic if there exists a homotopy H : I x X — Y with the appropriate
properties. In simplicial sets (or simplicial abelian groups) we only saw the notion of
homotopy groups, but there exists a more general notion of homotopy, as discussed in the
overview of Friedman [Fril2]. And finally in chain complexes we saw homology groups,
but this category also has a more general notion of chain homotopy, which can be found
in any book on homological algebra such as in the book of Rotman [Rot09].

It is known that for any simplicial abelian group both the normalized and unnormalized
chain complex have the same homology groups. More precisely for any simplicial abelian
group X we have:

H,(N(X)) = H,(M(X)) forallneN.
This is for example proven in [EML53, Theorem 4.1]. So this assures that the homology
groups of the singular chain complex of a space are really the homotopy groups of the
simplicial abelian group which is in the background.
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Conclusion

In this thesis we have seen two interesting mathematical structures. On one hand there
are simplicial sets and simplicial abelian groups which are defined in a abstract and
categorical way. The definition was quite short and elegant, nevertheless the objects
have a very rich geometrical structure. On the other hand there are chain complexes
which have a very simple definition, which are at first sight completely algebraic.

A proof was given of the equivalence of these structures. In this proof we had to take
a close look at degenerated simplices in simplicial abelian groups. Some abstract ma-
chinery from category theory, like the Yoneda lemma, allowed us to easily construct the
needed isomorphisms.

The category of simplicial sets is the abstract framework for doing homotopy theory.
Using free abelian groups allowed us to linearize this, resulting in the category of sim-
plicial abelian groups. The Dold-Kan correspondence assures us that there is no loss of
information when passing to chain complexes. This makes the category of chain com-
plexes and homological algebra very suitable for doing homotopy theory in a linearized
fashion.
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